Peak statistics for the primordial black hole abundance by Wu, Yi-Peng
Peak statistics for the primordial black hole abundance
Yi-Peng Wua∗
aLaboratoire de Physique The´orique et Hautes Energies (LPTHE),
UMR 7589 CNRS & Sorbonne Universite´,
4 Place Jussieu, F-75252, Paris, France
(Dated: May 4, 2020)
Abstract
The primordial black hole (PBH) abundance evaluated by the conventional Press-Schechter (PS)
probability distribution is shown to be equivalent to the high-peak limit of a special point-like peak
statistics via dimensionality reduction of the Bardeen-Bond-Kaiser-Szalay (BBKS) theory. The fact
that PBHs are formed at high peak values νc  1 leads to a systematic bias proportional to ν3c
between the predictions of the PS method and the BBKS peak theory in a general three-dimensional
spatial configuration. For the inflationary spectrum in the narrow-spike class, the systematic bias
for the extended mass functions is further enlarged by at least a factor of 102.5 in all mass range,
indicating a severer constraint to models in the favor of considering PBHs as all dark matter in a
certain mass range.
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I. INTRODUCTION
Primordial black holes (PBHs) [1–4] are dark matter that can span a wide range of mass
scales. The question whether PBHs occupy a significant fraction of the total dark matter
density becomes a revival topic since the indirect detections of stellar mass black holes by
LIGO and Virgo [5]. While BHs around 10 − 102M are still possible to provide up to 10
percent in the dark matter density ratio f = ρPBH/ρDM, the current constraints indicate
that the window for realizing f = 1 by monochromatic mass PBHs is only opened around
the sub-lunar mass range (10−15 − 10−11M) [6–11].
A narrow but spiky mass distribution is favorable for the purpose of having PBH dark
matter in a certain mass range [12–18]. However, even if one starts with a delta-function
like spectrum of the curvature perturbation ζ generated from inflation, the final density
f = f(M) at matter-radiation equality inevitably spreads out a distribution many orders
in the BH mass M (see [18] as an example), essentially due to the effect of critical collapse
[19, 20]. There are several uncertainties coming from the non-Gaussianity of ζ [21–29, 49],
the choice of the smoothing window function for the density perturbation ∆ [30], the non-
linearity in transferring ζ to ∆ [31–33], the initial profile of ∆ [33, 34] and the threshold ∆c
of the gravitational collapse [35–42], that can all affect the the final mass distribution from
a given inflationary power spectrum Pζ . For preciseness, our choice of the density contrast
∆ is the same as defined in [47].
Recently, many efforts have been made to improve the conventional computation for the
PBH mass function based on the Press-Schechter (PS) approach [43] or the Bardeen-Bond-
Kaiser-Szalay (BBKS) statistics of density peaks [44]. To verify a more accurate probability
distribution of peaks valid for PBH formation, it is argued that one should take into account
the spatial correlation with the threshold of gravitational collapse ∆c [60], or the smoothing
scale correlation with the peak value ν = ∆/σ∆ [59–61], where σ∆ is the variance for ∆.
The conditional statistics of peaks at the maximum along the smoothing scale could help to
avoid the so-called cloud-in-cloud (or BH-in-BH) problem [59], yet such an issue might have
only negligible corrections to the mass function from broad inflationary spectrum [62].
Constraining inflationary models via the PBH mass function requires careful treatment
on all of the uncertainties (see [33] for the first attempt with the monochromatic mass
assumption). To meet a desirable BH abundance for dark matter, one expects that the
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amplitude of Pζ in a narrow-spike shape must be much larger than that in a board shape.
This fact can be attributed to the shape dependence of the peak value νc ≡ ∆c/σ∆ [45].A
huge discrepancy for the resulting PBH abundance was reported in [45], between predictions
from the BBKS method and the PS method. Ambiguities arise, however, as pioneering
studies [46, 47] comparing the two methods at a fixed νc found a systematic discrepancy
within the uncertainties of finding the exact threshold ∆c. It should be notice that Refs.
[46, 47] focused on blue-tilted spectra, which can be generated, for example, by curvaton
scenarios [48] (two-field inflation models). On the other hand, models of single-field inflation
for PBH formation typically create red spectra [23, 49–52], where most of the spectral shapes
can be well-approximated by the broken power-law templates [28].
The fact that peaks must be maxima among the extrema of the density perturbation
imposes natural constraints to the probability distribution, which sources the essential dif-
ference between the BBKS method and the PS method, where the latter treats ∆ as an
independent random field to the spatial configuration. Such an extremum-to-maximum (E-
to-M) condition, promotes the BBKS method to become a higher-dimensional (multivariate)
statistics involved with a scalar random field ∆ and its first and second spatial derivatives.
In this work, we outline the role of the E-to-M condition in the PBH mass function.
In order to get a comprehensive understanding on the systematic difference between the
PS and BBKS methods, we formulate a special statistics of point-like peaks with respect to
the E-to-M condition, where each peak has zero dimension in space and has exact spherical
symmetry. The point-like peak theory not only reduces the number of random variables of
the BBKS method but also reproduces the correct spatial dimensionality of the PS statis-
tics. We treat, νc, the peak value of collapse, as an independent entity to the probability
distribution of peaks, due to the fact that the density variance σ∆ is solely determined by
the input Pζ with a smoothing strategy, whereas the threshold ∆c must rely on numerical
simulations based on a selected density profile (despite that the density profile is correlated
with the input spectrum [44, 60]).
The statistics of point-like peaks derived in this work is convenient for extracting out the
effect of the E-to-M condition on the PS method and the impact of dimensional reduction
to the BBKS method. We employ useful templates for the inflationary power spectrum,
including the broken power-law spectrum for single-field inflation [28], to compute the PBH
density at each Hubble scale and the extended mass function seen at matter-radiation equi-
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lity. Our templates cover the spectral shape from narrow to broad and from red to blue
tilted in the momentum space. In this paper, we report the systematic bias in the PBH
number density and the shape dependence of such a systematic bias from various models of
the inflationary spectrum.
II. TEMPLATES FOR INFLATIONARY SPECTRUM
In this section we prepare templates of the inflationary power spectrum that will be
applied to compute the PBH abundance via methods with different statistical bias. As a
first example, we consider a spectral template that summarized well-studied models of PBH
formation in the framework of single-field inflation. The template is a special case of the
so-called broken power-law type [28, 54] of the form
Pζ(k) =
 Aζ (k/k0)
n−1 , k ≥ k0,
0 , k < k0,
(1)
where Aζ and n are parameters of the spectral amplitude and index, respectively. Current
models of single-field inflation are realized in the range of −2 < n < 1, see [28]. Note that
ζ is the gauge invariant variable which coincides with the comoving curvature perturbation
(defined from the spatial part of metric) on uniform density hypersurfaces.
To remove the effect of (very broad) superhorizon fluctuations, it is pointed out in [47]
that the density contrast, denoted by ∆, is the appropriate quantity for the discussion of
BH formation in both theories. The spectrum of ∆, P∆, connects to the power spectrum of
curvature perturbation through the relation
P∆(k, t) = 4(1 + w)
2
(5 + 3w)2
(
k
aH
)4
Pζ(k). (2)
The variance of the density contrast is computed by
σ2∆(R, t) =
∫ ∞
0
W 2(kR)P∆(k, t)d ln k, (3)
where we have applied a window function W (kR) with a smoothing scale R to avoid the
divergence in the large-k limit. For convenience, we adopt the Gaussian window function
W (kR) = exp[−k2R2/2], and we shall fix the smoothing scale with the comoving horizon as
R = 1/(aH). Therefore the variance can be computed from a given spectrum Pζ as
σ2∆(R) =
4(1 + w)2
(5 + 3w)2
∫ ∞
0
e−k
2R2 (kR)4Pζ(k)d ln k. (4)
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The i-th spectral moment, σi = σi(R), is smoothed by the Gaussian window function ac-
cording to
σ2i (R) =
∫ ∞
0
k2iW 2(kR)P∆(k,R)d ln k, (5)
where σ0 = σ∆. We focus on the statistical properties of density peaks in radiation domi-
nation with w = 1/3.
One can obtain the variance of the template (1) accoriding to (4) with w = 1/3 as
σ2∆(R) =
4
81
Aζ
2
(k0R)
1−n Γ
(
n+ 3
2
, k20R
2
)
, (6)
where Γ(a, z) is the incomplete gamma function. Here we have applied the useful formula
for the integration as ∫ ∞
r0
e−r
2
rm
(
r
r0
)n−1
dr =
r1−n0
2
Γ
(
m+ n
2
, r20
)
, (7)
where the change of variables r = kR and r0 = k0R are used. Similarly, the first spectral
moment is found to be
σ21(R) =
4
81
Aζ
2R2
(k0R)
1−nΓ
(
n+ 5
2
, k20R
2
)
. (8)
Note that Γ(a, z)→ Γ(a) as z → 0 and thus the results of the power-law spectrum investi-
gated in [47] can be reproduced by taking k0R→ 0 to the above results. We show examples
of σ∆(R) computed from the broken power-law template in Figure 1 with different choices
of n, where R = R(MH) is given by (13). A pivot scale k0 can convert to a pivot horizon
mass MH0 in the Solar unit according to
k0
keq
= 5.29× 108
(
M
MH0
)1/2(
g∗eq
g∗0
)1/6
. (9)
The choice with n = 1 stands for a step spectrum and in the cases with n > 1 the spectrum
is blue-tilted for k > k0. In this work, we use g∗0 = 106.75 with MH0 = 1.5×10−7M, which
corresponds to the horizon mass at temperature T ' 300 GeV.
The broken power-law spectrum (1) is ill defined for n ≥ 1 as one has to put cutoff in
the large k limit by hand [47, 53]. This motivates us to consider an improved template for
the blue spectrum in the form of trapezoidal shape as
Pζ(k) =
 Aζ(k/kmin)n−1, kmax ≥ k ≥ kmin,0. otherwise, (10)
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FIG. 1. The variance σ∆(MH) (left panel) and the γ factor (right panel) of the broken power-law
template with the pivot scale k0 corresponding to a horizon mass MH0 = 1.5 × 10−7M (dashed
line).
where we focus on n ≥ 1 for this template. The common top-hat model [45, 55] can be
recovered at n = 1. The spectral moments of this model can be computed readily via
a subtraction of the broken power-law results at different pivot scales. For example, the
variance reads
σ2∆(R) =
4
81
Aζ
2
(kminR)
1−n (11)
×
[
Γ
(
3 + n
2
, k2minR
2
)
− Γ
(
3 + n
2
, k2maxR
2
)]
,
where the amplitude at kmax is Aζ(kmax/kmin)
n−1.
The important factor that featured the averaged spatial configuration around the peaks
according to the input inflationary spectrum is
γ =
σ21
σ∆σ2
. (12)
This γ factor enters the probability distribution of peaks when putting constraints on the
spatial configuration. We show examples for the γ factor in terms of the horizon mass MH
for the broken power-law template (in Figure 1) and the trapezoidal template (in Figure 2).
Note that the horizon mass MH can be translated into the smoothing scale through the
useful relation
MH
MHeq
= (keqR)
2
(
g∗eq
g∗
)1/3
, (13)
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FIG. 2. The variance σ∆(MH) (left panel) and the γ factor (right panel) of the trapezoidal
template with the pivot scale k corresponding to a horizon mass MH0 = 1.5 × 10−7M and
kmax = 100kmin (dashed lines).
where g∗ is the number of relativistic degrees of freedom at the temperature of MH , assuming
to be the same as the entropy degrees of freedom. MHeq ≈ 2.8 × 1017M ∼ 1051g is
the horizon mass at matter-radiation equality, where at this epoch g∗eq ≈ 3 and keq =
0.07 Ωmh
2Mpc−1 ≈ 0.01Mpc−1.
III. PEAK STATISTICS WITH SPATIAL CONSTRAINTS
The selection of peaks as local maxima of the superhorizon density fluctuations imposes
constraints on the spatial configuration at the local site of each peak. In order to take
ensemble average based on these conditional peaks, one has to integrate over all relevant
random variables constituted by the density perturbation and its first and second spatial
derivatives. For 3-dimensional real space, the joint distribution in total involves with 10
random variables as shown in [44]. Here we focus on Gaussian random fields so that the
probability distribution is completely fixed by the correlation among all variables.
A. general peak theory
We first summarize the peak statistics of Bardeen, Bond, Kaiser and Szalay (BBKS) [44],
and for the application to PBH abundance we define the peak value of the density contrast
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as ν ≡ ∆/σ∆, following the notation in [47]. The number density of the maxima with height
between ν and ν + dν is [44]:
nBBKS(r, ν)dν =
∑
p
δ(3)(r− rp), (14)
where rp are the positions of the local maxima.
1 For each maximum, one can expand the
point process as
δ(3)(r− rp) = det |z(rp)| δ(3)[u(r)], (15)
where zij ≡ ∂i∂j∆(r) are components of the second derivative tensor z and ui =
∑
j zij(r −
rp)j are components of the gradient vector u. Note that zij is symmetric and has only
six independent components. The number density based on the point process (14) has a
dimension same as δ(3)(r− rp).
The conditions for ∆(rp) to be a local maximum ask ui(rp) = 0 and z(rp) to be negative
definite. Assuming that ∆ is Gaussian, the joint distributions of ui and zij are also Gaussian.
Therefore, to compute the number density of peaks we are in fact deal with a 10-dimensional
random-field system with the probability distribution for 10 variables given by
PBBKS(∆, ui, zij) =
exp(−B)√
(2pi)10det|M| , (16)
where B ≡ ∑ 1
2
∆yi(M−1)ij∆yj with Mij the covariance matrix, and ∆yi = yi − 〈yi〉 (for
i = 1, · · · , 10). Here we choose y1 = ∆, yi = ui for i = 2, 3, 4, and yi = (zjk)i for i = 5, · · · , 10
and jk = 11, 22, 33, 23, 13, 12 for components of z. We have restricted ourselves to the zero
mean setup 〈∆〉 = 0.
The homogeneity and the isotropy of the underlying random field ∆ allow us to integrate
out all the spatial-dependent variables yi, for i = 2, · · · , 10, leading to an one-dimensional
effective result nBBKS = nBBKS(ν). However, at best eight out of the 10 dimensions in the
matrixM can be diagonalized by aligning y5, y6, y7 to the principal axes of z. The E-to-M
condition ask eigenvalues of the principal axes to have non-positive values. There are off-
diagonal terms arising from the non-vanished correlation between ∆ and zij, whose effects on
the PBH abundance is studied in the next section. The detail of the dimensional reduction
process P (∆, ui, zij)→ P (∆) is given in the Appendix A of [44].
1 The number density nBBKS is independent of the position rp due to the homogeneity of the density field.
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It is convenient to introduce the differential formula nBBKS(ν) =
∫∞
ν
NBBKS(ν
′)dν ′, espe-
cially for computing the extended mass function via the number density (see Section IV).
We quote the one-dimensional expression from [44] as
NBBKS(ν)dν =
1
(2pi)2R3∗
G(γ, ν)e−ν
2/2dν, (17)
where γ = σ21/(σ2σ∆) and R∗ =
√
3σ1/σ2 are factors depending on the input inflationary
spectrum. Note that NBBKS has the dimension of R
−3 in this definition. The E-to-M
constraint from the derivatives of the maxima implicitly encoded in the function
G(γ, ν) =
∫ ∞
0
dx
f(x)√
2pi(1− γ2) exp
[−(x− γν)2
2(1− γ2)
]
, (18)
where the ν-dependence in this function is the consequence of the non-zero correlation
between ∆ and the variable x. 2 The function f(x) is
f(x) =
x3 − 3x
2
[
erf
(
x
√
5
2
)
+ erf
(
x
2
√
5
2
)]
(19)
+
√
2
5pi
[(
31x2
4
+
8
5
)
e−
5x2
8 +
(
x2
2
− 8
5
)
e−
5x2
2
]
.
If G(γ, ν) were just a constant, then the integration of NBBKS with respect to ν shares a
similar form as the Press-Schechter method (up to the spectrum-dependent factor R∗) and
one expects nBBKS has a peak value at the lower limit of integration ν = νc. In general,
however, G(γ, ν) can shift the peak value of nBBKS away from the Press-Schechter prediction.
We provide the numerical check of this discussion in the next section.
In summary, the homogeneity and the isotropy of the random fields allow us to perform
the integration over y5, y6, y7 as
nBBKS =
〈
det|z|δ(3)(u)Θ(−y5)Θ(−y6)Θ(−y7)Θ(ν − νc)
〉
,
=
1
(2pi)2R3∗
∫ ∞
νc
G(γ, ν)e−ν
2/2dν, (20)
where y5 = z11, y6 = z22, y7 = z33 and zii have been fixed with the eigenvalues of z so that
zij = 0 for i 6= j. The density fraction of the Universe that collapsed to form PBHs at the
scale R is estimated by βPBH = V (R)npeaks [47], where V (R) = (
√
2piR)3 is the volume of the
2 To apply the result of (17), the zij matrix has been diagonalized and the definition of the variable in f(x)
is x ≡ −(z11 + z22 + z33)/σ2.
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Gaussian window function that satisfies the normalization condition V (R)−1
∫
W (x,R)d3x =
1 with W (x,R) = exp[−x2/(2R2)] in the real space. It is remarkable that when any two
of the eigenvalues are degenerate (such as in the case with exact spherical symmetry), the
number of independent variables are reduced and one shall construct a lower-dimensional
joint distribution of (16).
B. point peak theory
In this section we introduce a special peak statistics as a bridge to connect the general
peak theory [44] and the so-called Press-Schechter (PS) method for the PBH abundance
conventionally described by the Carr’s formula [35]. The special peak theory is basically
a two-step reduction of the BBKS method. The first step is to impose exact spherical
symmetry to the system which reduces the number of independent random variables. The
second step is to treat each selected peak as a dimensionless point-like object which reproduce
the correct dimension of the PS method for the PBH abundance. We note that the first
step is an intermediary process convenient for the discussion and, however, the system is
expected to be spherically symmetric after the dimensionless point process.
Before invoking the spherical symmetry, we recall the variables relevant to the second
spatial derivatives in the BBKS method [44] as
z1 = −∂2∆(r)/σ2 = −(z11 + z22 + z33)/σ2, (21)
z2 = −(z11 − z33)/(2σ2), z3 = −(z11 − 2z22 + z33)/(2σ2).
This definition maximally diagonalizes the covariance matrix M of the BBKS formalism
(16) for an arbitrary choice of axes with the only non-vanished correlations given as 〈ν2〉 =
〈z21〉 = 1, 〈νz1〉 = γ, and 〈z22〉 = 〈z23〉/3 = 1/15. The B factor in the probability distribution
function (16) is rewritten as
2B = ν2 +
(z1 − γν)2
1− γ2 + 15z
2
2 + 5z
2
3 +
3u · u
σ21
+
10∑
i=8
15y2i
σ22
. (22)
The 10 variables are now y1 = ν, yi = ui for i = 2, 3, 4, y5 = z1, y6 = z2, y7 = z3 and
y8 = z23, y9 = z13, y10 = z12. The volume element involved with the six variables of the
second spatial derivatives (yi for i = 5, · · · , 10) is nothing but the volume element of the
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symmetric matrix z, which can be expressed by [44]:
dVz =
10∏
i=5
dyi (23)
= |(λ1 − λ2)(λ2 − λ3)(λ1 − λ3)|dλ1dλ2dλ3dΩ3
6
.
Here in the second equality the axes are chozen such that zi = −λi for i = 1, 2, 3 and
yi = 0 for i = 8, 9, 10 where λi are eigenvalues of z. dΩ3 is the volume element of the three-
dimensional rotation group SO(3) and can be integrated out readily since B is independent
of the Euler angles. In the case with exact spherical symmetry, we have identical eigenvalues
λ1 = λ2 = λ3 so that dVz → 0. The volume of z collapses to a point as there is only one
non-vanished random variable z1 for the second spatial derivatives. Similarly, there is only
one random variable for the first derivatives with respect to spherical symmetry.
Let us now derive the probability distribution for the density peaks with perfect spher-
ical symmetry. A local density peak smoothed by a window function W (kR) in the high
frequency limit is given by
∆R(|r− rp|, R) ≡ ∆R(r, R) = 1
(2pi)3
4pi
r
∫ ∞
0
dkk sin(kr)∆k(t)W (kR), (24)
where we have integrated out the angular dependence in this expansion. Note that we do
not label r with respect to a specific peak position rp as the ensemble average over selected
peaks will finally become independent of the peak positions, given the homogeneity of the
density field.
Our assumption is that the radial derivatives, ∂r∆R, ∂r∂r∆R, · · · , are differentiable
around the origin of the local peaks where r → 0. In this limit, the correlation functions for
the random fields of our interest are
1
r2
〈∂r∆R∂r∆R〉 = 1
9
σ22,
1
r
〈∆R∂r∆R〉 = −1
3
σ21,
1
r
〈∂r∆R∂2r∆R〉 =
1
9
σ22, (25)
〈∂2r∆R∂2r∆R〉 =
1
9
σ22, 〈∆R∂2r∆R〉 = −
1
3
σ21. (26)
One can observe that all correlations involved with ∂r∆R vanish explicitly at r = 0, where
the extremum constraint ∂r∆R = 0 holds in an apparent way and the maximum condition
∂2r∆R < 0 only introduces one more statistical variable in addition to ∆R.
We now impose the dimensionless point process by fixing r = 0. This process may be
intuitively illustrated by a dimensional reduction of (14) with δ(3)(r−rp)→ δ(0)(r). In other
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words we are now collecting point-like peaks with zero dimension in space. Following the
normalization for the two variables ν = ∆R/σ∆ zr = −∂2r∆R/σ2, the covariance matrix of
the two-dimensional statistical system reads
Mij =
 1 γ/3
γ/3 1/9
 , (27)
where both variables have zero means 〈ν〉 = 〈zr〉 = 0. The joint probability distribution is
then given by
Pspk(ν, zr)dνdzr =
e−B√
(2pi)2det(M)dνdzr. (28)
Taking y1 = ν and y2 = zr, the B factor can be computed by
2B =
∑
yi
(M−1)
ij
yj = ν
2 +
(γν − 3zr)2
1− γ2 , (29)
and we have imposed the result of (27) in the second equality. The probability function for
the special peak theory is therefore
Pspk(ν, zr) =
3
2pi
e−B√
1− γ2 . (30)
The number density of point-like peaks that satisfies the E-to-M conditions for PBH
formation above the threshold νc is evaluated in the usual way as
nspk = 2
∫ ∞
−∞
∫ ∞
−∞
Pspk(ν, zr)Θ(zr)Θ(ν − νc)dzrdν, (31)
=
6
2pi
∫ ∞
νc
∫ ∞
0
e−ν
2/2√
1− γ2 exp
[
−(γν − 3zr)
2
2(1− γ2)
]
dzrdν, (32)
=
2
2pi
√
pi
2
∫ ∞
νc
e−ν
2/2
(
1 + erf
[
γν√
2(1− γ2)
])
dν. (33)
The factor 2 in (31) is introduced for an alignment with the PS method in the high peak
limit. By using the change of variable x = γν/
√
2− 2γ2 so that ν2 = x2(2 − 2γ2)/γ2, we
can arrive at the analytical expression for nspk as
nspk =
1
2
erfc(νc/
√
2)− 2
[
T∞
(√
γ2
1− γ2
)
− Tνc
(√
γ2
1− γ2
)]
, (34)
where Tn(x) is the Owen’s T function with the definition
Tn(x) =
1
2
√
2pi
∫ ∞
−n
e−t
2/2erf
(
xt√
2
)
dt. (35)
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The dependence on the γ factor in the Tn(x) functions reflects the effect of E-to-M constraints
on the number density of peaks. Given that nspk is dimensionless in this definition, the PBH
density is simply βspk = nspk.
C. The high peak expansion
For 0 < γ < 1, the G(γ, ν) function as the integrand of (20) in general relies on numerical
computation. In the limit of γν  1, the function exp[−(x − γν)2/2(1 − γ2)] behaves as a
delta function in G(γ, ν) so that f(x) picks up the value around x = γν. This leads to the
asymptotic expansion in the large γν limit as [44]:
G(γ, ν)→ (γν)3 − 3(γν). (36)
The high peak expansion thus gives rise to the analytical expression of (20), in terms of the
dimensionless parameter βBBKS = V (R)nBBKS, as
βBBKS =
1√
2pi
[(
Rσ1√
3σ∆
)3
(2 + ν2c )−
R3σ22√
3σ1σ∆
]
e−ν
2
c /2 + · · · , (37)
where this expansion breaks down if (γν)3 < 3(γν).
We examine the validity of the high peak approximation (36) with the broken power-law
template in Figure 3 and with the trapezoidal template in Figure 4. Our results show that
(36) is a good approximation for both templates with n ≤ 1. The high peak expansion of
G(γ, ν) breaks down in the small mass limit for blue-tilted power-law spectrum with n > 1
and also in a range of the blue trapezoidal spectrum, depending on the ratio kmax/kmin. For
trapezoidal spectra, the high peak approximation always holds in the small mass limit for
−2 ≤ n ≤ 2.
On the other hand, one can apply the expansion of the error function in the large x limit
to (33) based on
erf(ax) = 1− 1
a
1√
pix
e−a
2x2 + · · · . (38)
This gives the high peak expansion (ν  1) of the number density (34) with spherical
symmetry as
βspk = βPS −
√
2
2pi
√
1− γ2
γ
Γ
(
0,
ν2c
2(1− γ2)
)
+ · · · (39)
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FIG. 3. The numerical results (solid lines) and the high peak approximation (dashed lines) of the
function G(γ, ν) by using the broken power-law template with the pivot scale k0 corresponding to
a horizon mass MH0 = 1.5× 10−7M. The spectral indices are chosen as n = −1 (left panel) and
n = 2 (right panel).
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FIG. 4. The numerical results (solid lines) and the high peak approximation (dashed lines) of the
function G(γ, ν) by using the trapezoidal template with the pivot scale kmin corresponding to a
horizon mass MH0 = 1.5× 10−7M and kmax = 10kmin. The spectral indices are chosen as n = −1
(left panel) and n = 2 (right panel).
where the first term βPS is nothing but the PBH density according to the Press-Schechter
method (i.e. the Carr’s formula [35]):
βPS = 2
∫
νc
1√
2pi
e−ν
2/2dν = erfc(
νc√
2
). (40)
In the high peak limit νc  1, the PS number density reads
βPS →
√
2
pi
1
νc
e−ν
2
c /2 + · · · . (41)
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FIG. 5. The PBH abundance β(MH) based on the broken power-law spectrum with the pivot
scale k0 corresponding to a horizon mass MH0 = 1.5 × 10−7M. The spectral indices are chosen
as n = −1 (left panel) and n = 1.2 (right panel).
Comparing the leading terms of (37) and (41) in the limit of νc  1 one finds
βBBKS
βPS
∼ 1
2
Q3/2ν3c , (42)
where we denote Q = R2σ21/(3σ
2
∆). One can remove the factor 1/2 in (42) by supplying
a factor 2 to βBBKS as what has been done for βPS in (40). The above relation was firstly
examined in [47] with blue-tilted power-law spectra which reports βBBKS/βPS ∼ ν3c ∼ O(10).
However this result implies the break down of using the high peak expansion (37) and βBBKS
generally can only be computed by numerical methods.
D. Primordial black hole abundance
We compare the PBH formation probability at each Hubble mass scale MH from different
inflationary spectra. The prediction of the general peak statistics is βBBKS = V (R)nBBKS
with nBBKS given by (20). The high peak approximation of βBBKS is given by (37). We use
(34) for the special peak statistics βspk (no high peak expansion). Our definition for the
Press-Schechter formalism βPS is given in (40).
Broken power-law templates. For the spectral index n ≤ 1, the high peak expansion
of βBBKS is a good approximation and βspk coincides with βPS. Our numerical results show
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FIG. 6. The PBH abundance β(MH) based on the broken power-law spectrum with the pivot
scale k0 corresponding to a horizon mass MH0 = 1.5×10−7M. The spectral indices are chosen as
n = 2 (left panel) and the abundance ratio among statistical methods is given in the right panel.
that the ratio βBBKS/βPS = Q
3/2ν3c /2 ∼ 102 for red-tilted templates. For the spectral index
n > 1 the high peak expansion breaks down in the small MH limit, as shown in Figure 5 and
Figure 6. For super blue-tilted templates (n = 2) βspk start to deviate from βPS in the small
MH limit due to the important contribution from the T function in (34) when γ approaches
to 1. For blue-tilted templates the ratio βBBKS/βPS decreases with MH yet Q
3/2ν3c /2 still
provides a good estimation for the difference in the resulting abundance.
The Q factor for the broken power-law templates reads
Q =
1
3
Γ
(
n+5
2
, k20R
2
)
Γ
(
n+3
2
, k20R
2
) . (43)
One can numerically check that the Q factor is a constant for k0R  1 and Q3/2 ≤ 1 for
−2 ≤ n ≤ 2. For k0R 1, Q with different choices of n converge to a same value and Q3/2
can be much greater than 1.
Trapezoidal templates. For the spectral index n = 1 (top-hat), the high peak expansion
of βBBKS is a good approximation and βspk coincides with βPS. The high peak expansion
starts to deviate from βBBKS in blue-tilted cases with n > 1. The numerical results of βPS
agree nicely with βspk up to n = 2. For the blue-tilted cases n > 1 the high peak expansion
breaks down between kmin and kmax. Q
3/2ν3c /2 is a good estimation for the ratio βBBKS/βPS
when n < 3/2, and for super blue-tilted case with n = 2, Q3/2ν3c /2 is no longer a good
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FIG. 7. The PBH abundance β(MH) based on the broken power-law spectrum with the pivot
scale kmin corresponding to a horizon mass MH0 = 1.5×10−7M and kmax = 40kmin. The spectral
indices are chosen as n = 1 (left panel) and n = 1.4 (right panel).
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FIG. 8. The PBH abundance β(MH) based on the broken power-law spectrum with the pivot
scale kmin corresponding to a horizon mass MH0 = 1.5×10−7M and kmax = 40kmin. The spectral
indices are chosen as n = 2 (left panel) and the abundance ratio among statistical methods is given
in the right panel.
estimation for the ratio βBBKS/βPS. It is interesting to note that the peak value of βBBKS is
different from βPS in the super blue-tilted case, as shown in Figure 8.
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FIG. 9. The Q factor of the broken power-law spectrum (left panel) and the trapezoidal spectrum
(right panel) with the pivot scale k0 = kmin corresponding to a horizon mass MH0 = 1.5×10−7M
and kmax = 10kmin (dashed line).
The spectral factor Q for the trapezoidal templates takes the form of
Q =
1
3
Γ
(
5+n
2
, k2minR
2
)− Γ (5+n
2
, k2maxR
2
)
Γ
(
3+n
2
, k2minR
2
)− Γ (3+n
2
, k2maxR
2
) . (44)
As shown in Figure 9, one can see that the behavior of Q3/2 is the same as that of the broken
power-law templates for kmaxR > 1. In the limit of kmaxR  1 it shows that Q3/2  1 for
all choices of n.
IV. EXTENDED MASS FUNCTIONS
So far we have assumed that the PBH mass M is fixed by the Hubble horizon mass
with the uniform relation M = MH . In this section we proceed one step further by taking
into account the BH mass to density correlation, that is ∆ = ∆(M), induced via the effect
of near-critical gravitational collapse [19, 49]. Due to the critical effect, the PBHs formed
at each Hubble mass scale MH spans a distribution in M , that is βPBH = β(M,MH) ≡
dΩ(MH)/d lnM , where Ω(MH) is the PBH fractional density at a given MH . It is perhaps
convenient to regard MH as the time parameter in this discussion. At the end, we sum up
the contribution at each Hubble time to find the total mass distribution seen after matter-
radiation equality.
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A. point-like peaks
We have shown that the fractional density derived from the special peak statistics with
point-like reduction agrees with the prediction from the Press-Schechter (PS) approach for
the broken power-law templates with n ≤ 1 and for the trapezoidal templates with all choices
of n. In this section, we use focus on the result based on the PS method. The extended PBH
mass function derived from the PS approach is a generalization of the Carr’s formula [35] with
density peaks in terms of PBH masses. The range of the parameter relevant to our question
is given by ∆max > ∆ ≥ ∆c, where ∆c is the threshold density for BH formation and ∆max is
a cutoff. The exact value of ∆c may have a correlation with the input inflationary spectrum
[60]. Note that the density contrast ∆ defines on comoving hypersurfaces is identical to
the spatial curvature at linear order so that it removes the possible background bias due to
superhorizon curvature perturbations [46, 47].
For a given probability distribution P (∆), the fraction of the density that collapses into
BHs at the epoch with a horizon mass MH = 4piρ/(3H
3), where H is the Hubble parameter,
is led by the formalism
Ω(MH) =
1
MH
∫ ∆max
∆c
P (∆)M(∆)d∆. (45)
In realistic cases, P (∆) is a rapidly declining function above ∆c so that one can usually
perform the replacement ∆max → ∞. To make a clear comparison with the peak theory
(without exactly spherical symmetry), we focus on the Gaussian distribution as
PPS(∆) =
1√
2piσ∆
exp
[
− ∆
2
2σ2∆
]
, (46)
where σ∆ given by (4) is the variance of ∆ that captures the information of the power
spectrum P∆. Again, to make a clear comparison, we shall use the same choice of window
function in the later discussion on peak theory.
We may also derive the one-variable effective probability distribution function from the
special peak statistics (33) as
Pspk(∆) =
1
2piσ∆
√
pi
2
(
1 + erf
[
γ∆√
2(1− γ2)σ∆
])
exp
[
− ∆
2
2σ2∆
]
, (47)
where we neglect the factor 2 in this definition. In the limit of ∆/σ∆ → ∞, one finds
Pspk → PPS. We focus on the mass functions from inflationary spectra that satisfy the high
peak approximation Pspk = PPS.
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If PBHs are formed exactly with the horizon mass, namelyM = MH , then (45) reproduces
the previous results [47] (upto a factor of 2). However, the effect of critical collapse shows
that the PBH masses should have a distribution near MH [19], which is often parametrized
via the scaling formula as
M = KMH (∆−∆c)γm . (48)
Here K = 3.3 and γm = 0.35 are numerical constants. The profile dependence of K and ∆c
[33, 34], if considered, should be applied to both statistical methods. This simple extension
allows us to rewrite the density contrast in terms of the PBH mass as ∆ = ∆(M). The
differential PBH density β(M,MH) ≡ dΩ(MH)/d lnM at MH according to (45) is therefore
obtained as
βPS =
K√
2piγmσ∆
(
M
KMH
)1+1/γm
exp
[
−∆
2(M)
2σ2∆
]
, (49)
where ∆(M) = (M/(KMH))
1/γm + ∆c.
Having in mind that PBHs behave as matter in the radiation dominated universe, the
relative density ρPBH/ρ ∼ a is growing with time. By using the approximation w = 1/3
as a constant until matter-raidation equality [18, 53], the mass function at a = aeq reads
βeq(M,MH) = (aeq/a)β(M,MH) = (MHeq/MH)
1/2β(M,MH). Finally, we arrive at the
total mass distribution for PBHs formed during the radiation dominated epoches by the
integration over MH as
fPS(M) =
1
ΩDM
∫ lnMHeq
lnMmin
(
MHeq
MH
)1/2
βPSd lnMH . (50)
We remark that the lower limit Mmin comes from the upper bound ∆max for the density
perturbation. Applying a conservative condition ∆max = 2∆c for the validity of the formula
(48), we find that Mmin = M/(K∆
γm
c ).
B. general peaks
We now compute the extended mass function from peak statistics [44] without imposing
spherical symmetry to the density perturbation. One can express peaks in terms of BH and
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horizon masses via (48) as
ν =
1
σ∆
(
M
KMH
)1/γm
+ νc, (51)
dν =
1
γmσ∆
(
M
KMH
)1/γm
d lnM. (52)
Here νc = ∆c/σ∆ and σ∆(R) can be obtained in terms of MH through (4) and (13). The
high peak expansion of NBBKS (17) in the limit of ν  1 is useful when we are only interest
in inflationary spectra of the narrow spike shape. Following the findings in the previous
section, the differential number density can be reduced as
NBBKS(ν)dν ≈ Q
3/2
(2pi)2
(
ν3 − 3 ν
γ2
)
e−ν
2/2dν, (53)
where Q3/2 = γ3R−3∗ and the high-peak approximation is valid if ν
3 > 3ν/γ2. Our numerical
results indicate that (53) is a good approximation for the broken power-law templates with
n . 1 and for the trapezoidal templates with n . 1.2.
If the BH mass is just coincides with MH , the fractional density of peaks that satisfy
the criterion of PBH formation at the epoch with a fixed horizon mass MH is approximated
by ΩMH ≈ npk(ν,M)M/ρMH [46, 47]. With the extended correlation ν = ν(M) led by the
critical collapse (51), the fractional density of PBH is now written as
ΩPBH(MH) =
1
ρ(MH)
∫ νmax
νc
ρPBH(ν)dν, (54)
=
V (R)
MH
∫ νmax
νc
NBBKS(ν)M(ν)dν, (55)
where νmax = ∆max/σ∆ and we have fixed the smoothing scale R with the comoving hori-
zon. V (R) = (
√
2piR)3 is the volume of the Gaussian window function that satisfies the
normalization condition V (R)−1
∫
W (x,R)d3x = 1 with W (x,R) = exp[−x2/(2R2)] in the
real space. Again, the derivative of Ω(MH) with respect to the logarithmic of M gives the
differential PBH density as
βBBKS =
K√
2piγmσ∆
Q3/2
(
M
KMH
)1+1/γm (
ν3 − 3ν) e−ν2/2, (56)
where the factor Q = Q(MH) = σ
2
1R
2/(3σ2∆). The total mass distribution accounted for
PBHs formed before matter-radiation equality is computed by the same formula as (50),
which reads
fBBKS(M) =
1
ΩDM
∫ lnMHeq
lnMmin
(
MHeq
MH
)1/2
βBBKSd lnMH . (57)
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FIG. 10. The mass function f(M) from the trapezoidal templates with the pivot scale kmin
corresponding to a horizon mass MH0 = 1.5× 10−7M and kmax = 1000kmin. The spectral indices
are chosen as n = −1 with Aζ = 0.05 (left panel) and n = 1 with Aζ = 0.02 (right panel).
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FIG. 11. The ratio of the mass functions based on the broken power-law spectrum (left panel) and
the trapezoidal templates (right panel) with the pivot scale k0 = kmin corresponding to a horizon
mass MH0 = 1.5 × 10−7M for various n. In right panel, n = 1 is used for the top-hat spectrum
and n = 1.1 (dotted lines) is used for the trapezoidal spectrum.
Comparing (49) with (56) one can see the difference βBBKS/βPS ≈ Q3/2ν3 for ν  1. In
general, ν3 enhances the amplitude of the BBKS mass function and the Q factorizes the
spatial dependence of the input inflationary spectrum.
C. systematic bias
We compare the mass functions result from the conventional PS method (50) (or the
point-like peak statistics with spherical symmetry) and the BBKS method (57) (the general
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peak statistics). The systematic bias between fBBKS and fPS is summarized in Figure 11 for
both the broken power-law and the trapezoidal templates.
For n < 1 the mass function f(M) exhibits a spike slightly lower than the pivot hori-
zon mass MH0 (corresponding to k0 for the broken power-law templates and kmin for the
trapezoidal templates), where we refer the shape in this parameter space as the spiky mass
spectrum. The spike scale Mspike such that f(Mspike) is maximum can be found numerically,
and it shows that Mspike ≈ 10−7.9M with n = −1 for both templates. The scale Mspike
increases towards MH0 with the decrease of the spectral index n.
The ratio fBBKS/fPS for n < 1 is larger than 10
2.5. This large discrepancy from input
spectra in the narrow-spike shape was not recognized by previous studies. In the limit of
M → 0 (namely ν → νc), one finds
fBBKS
fPS
≈ βBBKS
βPS
∣∣∣∣
MH=Mspike
' Q3/2ν3c , (58)
where Q and νc are evaluated at MH = Mspike. For n = −2 we find fBBKS/fPS ∼ 103.4 in the
limit of M  MH0. We remark that for both templates in the limit of M  MH the BH
formation rate is too rare so that the ratio fBBKS/fPS is very sensitive to a small change in
the mass parameter M . The sharply enhanced ratio in the M > MH0 limit shall not have an
important meaning since f(M) is rapidly dropped off due to the effect of critical collapse.
For n = 1 we observe fBBKS/fPS ' 102.5 for both broken power-law and trapezoidal tem-
plates. This is the divide for the red and blue tilted spectrum and increasing the broadness of
the top-hat spectrum does not change the ratio fBBKS/fPS much. Since Q ≈ 1 in the plateau
region of Pζ(k) with the step or the top-hat shape (see Figure 9), the bias fBBKS/fPS ' ν3c
is led by the peak value νc ≈ 8.8. Note that for the top-hat spectrum the number density of
PBHs formed between k−1min and k
−1
max is the same, as shown in Figure 7. Therefore the BH
mass corresponding to kmax has the largest weight in the mass function due to the relative
growth of the PBH density in radiation domination (see also [62]).
For templates with n > 1 the high peak approximation (53) in general breaks down.
However by using indices slightly larger than n = 1 we observe interesting tendency for
blue-tilted spectra. In Figure 11 we find that the ratio fBBKS/fPS can be smaller than 10
2.5
with slightly blue templates, which recovers the results of [47]. For the broken power-law
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template with n = 1.2, the abundance is dominated by MH in the small mass limit so that
fpk
fPS
≈ βpk
βPS
∣∣∣∣
MH=Mmin
' ν3c , (59)
where νc is computed at MH = Mmin and Mmin is our lower bound of the numerical com-
putation. The decrease of the ratio fBBKS/fPS is due to the enhance of σ∆ in the limit of
MH → 0.
V. SUMMARY
The selecting process that PBHs only form at local maxima of the density perturbation
invokes a construction of joint probability distribution for the random field ∆ with its
first and second spatial derivatives. We have shown that the number density of PBHs
(34) evaluated by the ensemble average of dimensionless point-like peaks coincides with the
standard prediction (40) usually known as the Press-Schechter method. The discrepancy of
the PBH abundance from the two approaches is negligible unless using a super blue-tilted
inflationary spectrum.
The standard BBKS peak statistics [44] uses conditional point process in 3-dimensional
space and in general allows a finite deviation from spherical symmetry. When comparing the
BBKS results with that of the special zero-dimensional peak statistics derived in this work,
there exists a systematic difference nBBKS/nspk ≈ Q3/2ν3c ∼ 102 for inflationary spectra in
the flat or spiky shape. This difference reveals a systematic bias between the BBKS method
and the PS method due to the equivalence βPS = βspk ≡ nspk at leading order in the high
peak limit.
We have computed the extended mass function, f(M), for BH formation under the effect
of critical collapse. A generic discrepancy fBBKS/fPS & 102.5 in all mass range has been
reported, and for the inflationary spectrum in the narrow-spike class (the favorable shape
for realizing PBHs as all dark matter) the systematic difference can be raised to∼ 103.4. Note
that fPS also stands for the prediction for the point-like peak statistics, and the discrepancy
is significantly larger than the findings based on blue-tilted spectra [26].
We remark that the ratio nBBKS/nspk ∝ ν3c indicates the 3-dimensional volume effect,
originated from the 3-dimensional point process in the BBKS statistics and the absolute
point reduction r → 0 imposed in the spherical peak statistics (which makes each peak to
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be dimensionless). In a more formal calculation of the PBH abundance, the subhorizon
dynamics of ∆ or the non-linear effect of ζ to ∆ shall not affect the enhancement due to
the volume effect, as long as PBH formation is only valid for high sigma peaks νc  1. We
expect a same conclusion by changing the choices of smoothing window function. The largely
enhanced mass function due to the volume effect in a general 3-dimensional configuration
would imply a more stringent constraint on the spectral amplitude from inflation [56–58],
especially for the spectrum in the topic of PBH as all dark matter, if based on the estimation
via the PS method. A similar conclusion might also have impact on the topic of PBH dark
matter for the future space-based observations [16, 17].
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